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Abstract
The entropy and effective string tension of the moving heavy quark-antiquark pair in the strongly
coupled plasmas are calculated by using a deformed an anti-de Sitter/Reissner-Nordstro¨m black
hole metric. A sharp peak of the heavy-quarkonium entropy around the deconfinement transition
can be realized in our model, which is consistent with the lattice QCD result. The effective string
tension of the heavy quark-antiquark pair is related to the deconfinement phase transition. Thus,
we investigate the deconfinement phase transition by analyzing the characteristics of the effective
string tension with different temperatures, chemical potentials, and rapidities. It is found that the
results of phase diagram calculated through effective string tension are in agreement with results
calculated through a Polyakov loop. We argue that a moving system will reach the phase transition
point at a lower temperature and chemical potential than a stationary system. It means that the
lifetime of the moving QGP becomes longer than the static one.
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I. INTRODUCTION
The study of a strongly coupled Yang-Mills theory, such as quantum chromodynam-
ics(QCD), is still a challenge in spite of the methods developed so far. The string description
of realistic QCD has not been successfully formulated yet. Many “top-down” methods are
invested in searching for such a realistic description by deriving holographic QCD from the
string theory[1–4]. On the other hand, the “bottom-up” approach has been used to exam-
ine possible holographic QCD models from experimental data and lattice results. A black
hole in five-dimensional space is induced to depict the boundary theory at a finite temper-
ature [5–7] and also to discuss more general backgrounds[8]. In the bottom-up approach,
the most economic way is to use a deformed anti-de Sitter (AdS5) metric[9–15], which can
describe the known experimental data and lattice results of QCD, e.g., hadron spectra and
the heavy-quark potential.
Since QCD is not a conformal theory, a mechanism for breaking conformal invariance
must be included in the dual model. The deformed AdS5 metric corresponding to super
Yang-Mills(SYM)[16] multiplied by an overall warp factor is introduced in the soft-wall
model. The soft wall model at a finite temperature has been introduced in Refs. [17, 18],
which was motivated by the zero temperature soft wall model[19] that achieved considerable
success in describing various aspects of hadron physics.
QCD is an asymptotically free theory; thus, its high temperature and high density phases
are dominated by quarks and gluons as degrees of freedom. These phases play an important
role in relativistic heavy ion collisions. Matsui and Satz[20] indicated that the binding
interaction of the heavy QQ¯ pair is screened by the quark gluon plasma (QGP) medium,
leading to the melting of the heavy quarkonium. However, the QQ¯ pair is unlikely generated
at rest in the QGP, and the effects of its motion through the plasma must be considered
when taking into account the effects of the medium in the QQ¯ interaction. It is found that
the heavy quarkonia have finite probability to survive even at infinitely high temperature.
The study of moving heavy quarkonium in QGP from the effective field theory has been
done in Refs. [21, 22].
The effect of a finite quark density in QCD, on the other hand, is induced by adding
the term JD = µψ
†(x)ψ(x) to the Lagrangian in the generating functional. Therefore, the
chemical potential µ is characterized by the source of the quark density operator. The source
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of a QCD operator in the generating functional is related to the boundary value of a dual field
in the bulk according to the AdS/CFT correspondence. Therefore, the chemical potential
can be treated as the boundary value of the time component of a U(1) gauge field AM dual to
the vector quark current. The solution is known as the AdS/Reissner-Nordstro¨m(AdS/RN)
black hole metric and describes a charged black hole interacting with the electromagnetic
field[23–25]. To describe the finite temperature and density in the boundary theory, the dual
space geometry of anti-de Sitter with a charged black hole is introduced in Ref.[26] with a
background warp factor.
References. [18, 27] used gauge/string duality to investigate the free energy of a heavy QQ¯
pair in strongly interacting matter and introduced the notion of an effective string tension
at a finite temperature. As we know, the free energy includes the attractive potential and
repulsive potential. The effective string tension comes from the calculation of the free energy.
Reference[27] has used the effective string tension to discuss the phase transition problem.
The phase diagrams in the µ–T plane and entropy are investigated by considering a
moving heavy QQ¯ pair in our article. The paper is organized as follows. In Sec. II, we
introduce a deformed AdS/RN black hole metric setup. In Sec. III, we calculate the effective
string tension and phase diagram in the µ–T plane. The entropy of a moving quarkonium
is computed in Sec. IV. We give a short discussion and conclusion in Sec. V.
II. THE SETUP
The solution of the equation of motion of a 5D gravity action with a negative cosmolog-
ical constant interacting with an electromagnetic field is known as an AdS/RN black hole
metric[26], and we consider the deformed AdS/RN black hole metric,
ds2 =
R2h(z)
z2
(−f(z) dt2 + dx2 + dz
2
f(z)
) (1)
f(z) = 1−
(
1
z4h
+ q2z2h
)
z4 + q2z6, (2)
where h(z) = exp(cz2/2) is called as the warp factor, which determines the characteristics
of the soft wall model, and the deformation parameter c determines the deviation from
conformality[28, 29]. In Eq. (2), q is the black hole charge, zh is the position of black hole
horizon, R is the radius of curvature (set to 1), x is the spatial directions of the space-time,
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and z is the fifth holographic coordinate. The Hawking temperature of the black hole is
defined as
T =
1
4pi
∣∣∣∣dfdz
∣∣∣∣
z=zh
=
1
pizh
(
1− 1
2
Q2
)
, (3)
where Q = qz3h and 0 ≤ Q ≤
√
2. The relationship between the chemical potential µ and q
is given as,
µ = κ
Q
zh
, (4)
where κ is a dimensionless parameter, and we fix the parameter κ to one in this paper.
A fundamental string connects the QQ¯ as shown in Fig. 1(a), and a U-shape open string
connects the QQ¯ in the confinement phase. There is a dynamic wall zm at a low tempera-
ture, and the U-shape string can not exceed the dynamic wall with increasing the separating
distances of the QQ¯ pair as shown in the situation of T = 0.1GeV in Fig. 2. When the tem-
perature increases to a certain value (critical temperature) and the value of horizon distance
zh becomes small, the system will undergo a confinement-deconfinement phase transition.
Figure 1(b) shows the deconfinement phase, in which the U-shape string can reach the po-
sition of the horizon and become two straight strings at large separating distances. In the
situation, there is a large black hole, and the dynamic wall disappears. The critical temper-
ature Tc can be interpreted as a confinement-deconfinement phase transition temperature.
In the deconfinement phase, if the separating distances L of QQ¯ pair is small, the U-shape
string still exists.
When z0 increases, the separating distance L of the QQ¯ pair reaches the maximum. When
the separating distance of QQ¯ pair is larger than the maximum, U-shape strings become
unstable and finally develop two straight open strings connecting the boundary and horizon
as shown in the situation of T = 0.2GeV in Fig. 2.
The study of a moving quarkonium of an AdS/CFT correspondence has been carried out
in Refs. [30, 31], but not in the deformed metric. We will study the moving quarkonium
in the deformed AdS/RN metric. It is well known that the quarkonium is moving with
relativistic velocities through the QGP in relativistic heavy ion collisions. We consider the
general background (Minkowski metric),
ds2 = −Gtt dt2 +Gxx dxi2 +Gzz dz2 , (5)
where xi(i = 1, 2, 3) are the orthogonal spatial coordinates for the boundary. We assume
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zmin
zh      
0
z
-L/2 L/2 0-L/2 L/2
  z
zh
(a) (b)
x x
z0
z0
FIG. 1. (a) shows the feature of a U-shape open string connects the QQ¯ in the confinement phase,
and (b) shows two straight strings reach the position of horizon at large separating distances in
the deconfinement phase.
FIG. 2. The dependences of interquark distance L of QQ¯ pair on z0 at the low temperature
T = 0.1GeV and at the high temperature T = 0.2GeV for a given chemical potential µ = 0.1GeV.
the background is isotropic Gx1x1 = Gx2x2 = Gx3x3, in which the thermal properties of static
heavy QQ¯ pair are studied in Refs. [8, 23, 24].
We choose a reference frame where the plasma is at rest, in which the QQ¯ dipole is moving
with a constant rapidity η along the x3 direction. Equally, we can boost to a reference frame
where the dipole is at rest but the plasma is moving past it. Then, let us boost our reference
frame in the x3 direction with rapidity η, so that the QQ¯ is now at rest and the plasma
moves with rapidity −η in the x3 direction. In our discussion, the QQ¯ now is at rest and
feels a hot plasma wind,
dt = dt′ cosh η − dx3′ sinh η (6)
dx3 = − dt′ sinh η + dx3′ cosh η. (7)
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After dropping the prime, we get the metric
ds2 =− (Gtt cosh2 η −Gxx sinh2 η) dt2
+ (Gxx cosh
2 η −Gtt sinh2 η) dx32
− 2 sinh η cosh η(Gxx −Gtt) dt dx3
+Gxx(dx1
2 + dx2
2) +Gzz dz
2 ,
(8)
where Gxx =
R2h(z)
z2
, Gtt =
R2h(z)
z2
f(z), Gzz =
R2h(z)
z2f(z)
in the deformed AdS/RN black hole
metric. We will discuss that the moving QQ¯ pair is aligned perpendicularly to the plasma
wind.
The Nambu-Goto action of the world sheet in the Minkowski metric:
SNG = − 1
2piα′
∫
d2ξ
√
− det gab, (9)
where gab is the induced metric on the world sheet and
1
2piα′
is the string tension, and
gab = gMN∂aX
M∂bX
N , a, b = 0, 1, (10)
where XM and gMN are the coordinates and the metric of the AdS space. We use the static
gauge ξ0 = t, ξ1 = x1. The Nambu-Goto action is given as,
SNG = − R
2
2piα′T
∫ L/2
−L/2
dx1
√
g1(z)
dz2
dx2
+ g2(z), (11)
where
g1(z) = a1(z) cosh
2 η − b1(z) sinh2 η
g2(z) = a2(z) cosh
2 η − b2(z) sinh2 η, (12)
and
a1(z) = GttGzz, a2(z) = GttGxx, b1(z) = GxxGzz, b2(z) = G
2
xx. (13)
The separating distances of QQ¯ pair is
L = 2
∫ z0
0
[
g2(z)
g1(z)
(
g2(z)
g2(z0)
− 1
)]−1/2
dz . (14)
The free energy of QQ¯ pair is given as,
piFQQ¯√
λ
=
∫ z0
0
dz
(√
g2(z)g1(z)
g2(z)− g2(z0) −
√
g2(z → 0)
)
−
∫ ∞
z0
√
g2(z → 0) dz . (15)
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The concept of effective string tension was first proposed in Ref. [18], which was mainly
used to discuss the thermal phase transition characteristics of a static QQ¯ pair. The effective
string tension of the moving quarkonium can be given as,
σ(z) =
√
g2(z) =
h
z2
√
f(z) cosh2 η − sinh2 η. (16)
When considering the behavior of a string bit, we have the effective potential V = σ(z).
The entropy of QQ¯ pair can be calculated by
SQQ¯ = −∂FQQ¯/∂T, (17)
where T is the temperature of the plasma.
III. EFFECTIVE STRING TENSION AND PHASE DIAGRAM
It is well known that QCD is in the deconfinement phase at a high temperature and
large chemical potential, while it is in the confinement phase at a low temperature and
small chemical potential. The study of the phase structure of QCD is an important and
challenging assignment. It is generally believed that there is a phase transition between the
two phases. How to get phase diagrams in the µ–T plane is a rather difficult job because the
QCD coupling constant becomes very large near the phase change region, and the traditional
perturbation QCD method can not be used. For a long time, the lattice QCD method is
considered as the only way to solve the problem. Although lattice QCD works well for zero
density, it encounters the sign problem when considering finite density, i.e., µ 6= 0. However,
the most interesting region in the QCD phase diagram is at a finite density. The most
concerned subjects, such as heavy-ion collisions and compact stars in astrophysics, are all
related to QCD at a finite density.
This situation has greatly improved with the advent of the AdS/CFT correspondence
that revived interest in finding a string description of strong interactions. Its evolving
theory called AdS/QCD uses a five-dimensional effective description and attempts to fit
QCD as much as possible. The effective string tension and thermal phase transition based
on AdS/QCD theory are explored in this paper.
In Eq.(16), we give the effective potential V of the moving quarkonium. It is found that
the effective string potential V is a function of temperature, chemical potential and rapidity.
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FIG. 3. The effective potential corresponds to the confined situation(a) and deconfined phase(c),
respectively. The dependences of interquark distances L(z) on the fifth holographic coordinate z
are shown in the confined(b) and deconfined phase(d), respectively.
For fixed values of the chemical potential µ = 0.1GeV, rapidity η = 0.3 and temperature
T = 0.1GeV, the dependence of the effective potential V on the fifth holographic coordinate
z in the confined situation is given in Fig. 3(a). The effective potential V reaches a minimum
when z = zmin, and V reaches the maximum value when z = zmax. The dependence of
distance L(z) on z in the confined situation is calculated from the Eq.(14) as shown in
Fig. 3(b). The distance L increases monotonically from L(0) = 0 and diverges when z → zmin
at 0 ≤ z ≤ zmin. But L monotonically decreases from a finite value L(zmax) to L(zh) = 0 at
zmax ≤ z ≤ zh.
The two points zmin and zmax get more and more close along the z direction with the
increase of temperature T . When the temperature T increases to a certain value such as
a critical temperature Tc, the two points zmin and zmax coincide at zmin = zmax = zm.
Therefore, taking µ = 0.1GeV and T = 0.14GeV > Tc, the effective potential V can be
evaluated in Fig. 3(c). For T ≥ Tc, L(z) is real when 0 ≤ z ≤ zh and never exceeds the
value L(zm), as shown in Fig. 3(d). At the point (µc, Tc) in the µ–T plane, L(z) is always
limited.
For L > L(zm),two strings extend between the boundary z = 0 and the black hole horizon
z = zh as shown in Fig. 1(b). The quark-antiquark pair becomes two deconfined quarks.
Figure 4 shows the dependence of the effective string tensions on z at different rapidities
of a moving quarkonium at a given chemical potential µ = 0.1GeV and a temperature
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FIG. 4. The effective potential vs z at different rapidities for a given temperature and chemical
potential. It indicates the phase transition from a confinement to deconfiment phase with the
variation of rapidity.
T = 0.1GeV. It is found that when η = 0.1 and z = zmin, V reaches a minimum, and when
η = 0.1 and z = zmax, V reaches the maximum value. The two points zmin and zmax along
the z axis get more and more close with the increase of the rapidity η. When the rapidity η
increases to a certain value, the two points zmin and zmax coincide at zmin = zmax = zm, which
means the transition from a confinement to deconfinement phase at the given temperature
and rapidity.
The dependence of the effective string tensions on z at different chemical potentials µ
under a given rapidity η = 0.3 and a temperature T = 0.1GeV is shown in Fig. 5. One
finds that when µ = 0.1GeV and z = zmin, V gets a minimum, and when µ = 0.1GeV and
z = zmax, V gets the maximum value. When the chemical potential µ increases to a certain
value such as the critical chemical potential µc, the two points zmin and zmax coincide at
zmin = zmax = zm, which corresponds to the change from a confinement to deconfinement
phase under a given temperature and rapidity.
In view of the above analysis and calculation, we can obtain the phase diagram in the
µ–T plane. The curve defined by the points [µ, Tc(µ)] is shown in Fig. 6. This can be
regarded as the deconfinement transition. The picture agrees with the diagram obtained by,
e.g, Nambu-Jona-Lasinio[32] and other effective models [33]. The physical picture can be
understood as a static probe put in the expansive system. that is to say, the system moves
through the probe with a certain rapidity. From our study, we argue that the moving system
9
FIG. 5. The effective potential vs z at different chemical potentials for a given temperature and
rapidity. It indicates the phase transition from a confinement to deconfinement phase with the
variation of chemical potential.
FIG. 6. The phase diagram in the µ–T plane at different rapidities of the moving system.
will change the feature of the phase transition. We find that a moving system will reach
the phase transition point at a lower temperature and chemical potential than a stationary
system. It means that the lifetime of the moving QGP become longer than the static one.
A Polyakov loop is an order parameter of the confinement-deconfinement transition often
used in many articles [26, 27, 34]. But we find that the effective string tension is also a useful
physical quantity to study the confinement-deconfinement transition in holographic QCD. As
a comparison, we add the Polyakov loop in our article shown in Fig. 7. Figure 8 provides the
comparison between a Polyakov loop and effective string tension. It is found that the results
from a Polyakov loop are in good agreement with the phase diagram calculated by using
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FIG. 7. Polyakov loop < P > for µ = 0.1GeV, η = 0 (dashed line)and µ = 0.1GeV, η = 0.6(solid
line).
FIG. 8. The solid line represents the results calculated from effective string tension and crosses
denote the results calculated from a Polyakov loop at different rapidities.
the effective string tension. The definition of a Polyakov loop can be found in Ref. [26].
The effective string tension turns out to be useful in studying symmetry breaking(phase
transition) within field theories at a finite temperature [27]. We extend it to a finite chemical
potential and rapidity and testify its validity.
IV. THE ENTROPY OFA MOVINGQUARKONIUM INDEFORMED ADS/REISSNER-
NORDSTROM THEORY
The lattice QCD shows the presence of an additional entropy associated with a static
heavy QQ¯ pair in the QCD plasma, and there is a peak of entropy at the deconfinement
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FIG. 9. A comparison between our calculated results and the lattice QCD results. The solid line
is our calculated results, and the crosses are the lattice QCD results.
transition[35–37] as shown in Fig. 9. We calculate the entropy of a static heavy QQ¯ pair at
a chemical potential µ → 0 in the soft wall model. We use Eq.(17)to calculate the entropy
of quark-antiquark pair below the critical temperature. Above the critical temperature, the
entropy of the pair equals the sum of the entropy of two single quarks. The entropy of a
single quark can be calculated by Eq.(17), but z is on the interval [0,zh]. We fix λ = 2.6 in
our calculation.
It is found that our calculated results show a peak of the heavy quark-antiquark entropy
in the deconfinement transition and fits well with the lattice QCD theory. Comparing with
the SYM theory[38], we find the necessity of the deformed metric in our study.
To study the entropic destruction of the moving quarkonium, Ref. [30] calculated the
entropy of a moving quarkonium by usingN = 4 SYM theory and considered the quarkonium
moves parallel (θ = 0) and perpendicularly(θ = pi/2) to the wind. We calculate the entropy
in the transverse direction (θ = pi/2) by considering the deformed metric.
Figure 10 shows the dependence of confined heavy-quarkonium entropy on the interquark
distance L at different rapidities. We fix the chemical potential as µ = 0.1GeV and the
temperature as T = 0.1GeV. As it is shown in this figure, increasing the velocity of quarko-
nium leads to stronger entropy at small distances. We can conclude that the quarkonium
will be easier to dissociate by increasing the velocity of quarkonium.
Figure 11 shows the dependence of confined heavy-quarkonium entropy on the interquark
distance L at different chemical potentials. We fix the rapidity as η = 0.3 and the temper-
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FIG. 10. The entropy of a moving quarkonium as a function of L at different rapidities. We fix
the chemical potential as µ = 0.1GeV and the temperature as T = 0.1GeV.
FIG. 11. The entropy of a moving quarkonium as a function of L at different chemical potentials.
We fix the rapidity of a moving quarkonium as η = 0.3 and the temperature as T = 0.1GeV.
ature as T = 0.1GeV. As it is shown in this figure, increasing the chemical potential leads
to stronger entropy at small distances. We also conclude that the quarkonium will be easier
to dissociate by increasing the chemical potential.
V. SUMMARY AND CONCLUSIONS
Lattice QCD predicts that the heavy QQ¯ pair immersed in the QGP possess a large
amount of entropy. This indicates a strong degree of entanglement between the pair and
the rest of the system. The sharp peak of the entropy at the deconfinement transition is
13
a salient feature in the lattice data. It is very likely that the quark-gluon plasma around
the deconfinement transition is strongly coupled; therefore, in this paper, we have used the
deformed metric to study the entropy associated with the heavy QQ¯ pair. We show that
the quarkonium will be easier to dissociate by increasing the velocity of a quarkonium or
chemical potential.
It is a standard procedure to study a confinement-deconfinement phase transition by
checking the different configurations of a quark and antiquark in AdS/QCD [26, 34, 39].
The heavy quark pair can be regarded as a probe to detect whether the system is in a
confinement or deconfinement phase. The moving case of the quark-antiquark pair has been
calculated in many aspects [40–42]. As mentioned in Ref. [40], you can choose a reference
frame where the plasma is at rest and the QQ¯ dipole is moving with a constant velocity.
Equally, you can boost to a reference frame where the QQ¯ dipole is at rest but the plasma
is moving past it. The QQ¯ pair is now at rest and feels a hot plasma wind in our discussion.
The physical picture can be understood as a static probe located in the expansive system.
That is, the system moves through the probe with a certain rapidity. From our study, we
argue that a moving system will change the feature of the phase transition.
We find that a moving system will reach the phase transition point at a lower temperature
or at a smaller chemical potential than a stationary system. It means that the lifetime of
the moving QGP become longer than the static one. It is important to study the phase
transition of a moving plasma system because the QCD system produced in relativistic
heavy ion collisions is not in a static state. Studying the phase transition of a moving
system will help us to understand the mechanism of a QGP phase transition in relativistic
heavy ion collisions.
By analyzing the characteristics of the effective string tension of a heavy quark-antiquark
pair with different temperatures, chemical potentials, and rapidities, we systematically
study the feature of the confinement-deconfinement phase transition. It is found that the
confinement-deconfinement transition detected by the behavior of the quarkonium occurs at
a lower temperature or at a smaller chemical potential, when the media is boosted.
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